Introduction
Natural convection adjacent to a heated or cooled flat plate is a common phenomenon in nature and industry, and thus the corresponding study is of practical significance in fluid mechanics and heat transfer societies. It is known that natural convection adjacent to a vertical or horizontal flat plate has received more attention than that along an inclined plate. However, the natural convection heat transfer through an inclined surface is frequently encountered in natural and engineering devices such as solar water heaters. In particular, the recently increasing number of studies have focused on natural convection adjacent to an inclined semi infinite flat plate [1] [2] [3] [4] [5] , most of which have been conducted by either numerical simulations or experimental observations. Few theoretical studies have been performed for this kind of problems.
The flow development of a growing boundary layer may be quantified using scaling analysis [6] , which is increasingly adopted by the researchers since it is a cost-effective way that can be applied for understanding the physical mechanism of the fluid flow and heat transfer. The results of scaling analysis also play an important role in guiding further experimental and numerical investigations. A detailed scaling analysis of the various stages of transient natural convection in a differentially heated cavity following sudden heating and cooling of the vertical boundaries has been addressed in Ref. [6] . The flow development in the different stages, including the start-up of the vertical boundary layer adjacent to the heated sidewall, the development of the intrusion layer under the ceiling of the cavity, and finally the approach of the flow in the cavity to a steady state, has been characterized [6] . Subsequently, the scaling relations of the thermal boundary layer for various boundary conditions and geometries have been obtained, some of which have been verified through comparisons with numerical simulations over a range of forcing parameters [7] [8] [9] [10] [11] [12] [13] [14] [15] .
The theoretical analyses of triangular cavities with a sloping bottom wall have been reported in the context of natural convection induced circulation in coastal waters [16] [17] [18] [19] . The very small slope of the bottom surface in this geometry has been chosen for simplification of calculation. For both heating and cooling cases, the relevant scales quantify the flow development in various flow regimes. It is also revealed that the flow development of the boundary layer may be classified into three stages: a conductive stage, a transitional stage, and a convective stage, depending on the governing parameters.
The scaling analysis has also been applied for the flow development in an attic [13, 15, 20] for both heating and cooling roof conditions. The study in Ref. [20] considers the situation for a very small slope of the inclined roof. It is worth noting that thermal and viscous boundary layers (whose thicknesses increase with time to constant values at a steady state) develop under both upper walls. The studies by Saha et al. [13, 15] revisit the attic space problem for two different thermal forcings: sudden heating and cooling for a wide range of roof slope. The heating-up and cooling-down time scales of the transient thermal boundary layer and the transient Nusselt number for both boundary conditions have been obtained and verified by the numerical simulations for a range of aspect ratios and Rayleigh numbers.
In the previous studies of scaling analysis, it has been found that the existing scaling relations of the thickness, velocity, and transitional time of the thermal boundary layer adjacent to an evenly heated flat plate do not provide the good prediction of the Prandtl number dependency of the flow. Therefore, a modification has been performed for both sudden [21, 22] and ramp heating [23] boundary conditions of a vertical wall. The scaling relations describing the Prandtl number dependency have also been verified by corresponding numerical results for a wide range of Pr values following Pr > 1.
In the present study, new scaling for the development of the boundary layers adjacent to the downward facing inclined heated flat plate is developed. A suddenly imposed temperature on the plate is considered. The Prandtl number in this study is chosen greater than unity. Detailed balances of the important terms of the Navier-Stokes and energy equations are examined. The scaling relations of the velocity, thermal and viscous layer thicknesses, and heat transfer rate (Nusselt number) in the different stages of the boundary layer development are achieved, and the time scale of transition of the flow to a steady state is also obtained. A number of numerical simulations are performed for different flow parameters: Rayleigh number (Ra), Prandtl number (Pr), and slope of the plate (A) in order to validate these scaling relations. The numerical results agree well with the scaling relations for all parameters considered here.
Problem Formulation
Under consideration is the flow resulting from an initially motionless and isothermal Newtonian fluid (with Pr > 1) adjacent to an inclined heated plate. The physical system sketched in Fig. 1 consists of an inclined flat plate of the heated length L. We extend both ends of the plate by a distance equal to its length at the right end and half length at the left end and form a rectangular domain, which is filled with an initially stationary fluid at a temperature T 0 . If we consider the plate as the hypotenuse of a right angled triangle then the height is h, the length of the base is l, and the angle that the plate makes with the base is /. Except for the heated length L (shown in Fig. 1 ), all boundaries of the rectangular domain are assumed to be adiabatic, rigid, and nonslip. A sudden change in the heated length (a uniform wall temperature boundary condition) is applied to the plate, which is then maintained constant thereafter.
The development of the flow under the inclined plate is governed by the following two-dimensional Navier-Stokes and energy equations with the Boussinesq approximation
Initially, the fluid is motionless and isothermal at temperature T 0 . The boundary conditions of the velocity and temperature are shown in Fig. 1 .
The flow development is determined by three governing parameters: the Rayleigh number (Ra), the Prandtl number (Pr), and the slope (A), defined respectively as Ra ¼ gbDTh
A typical flow development of the boundary layer is illustrated in Fig. 2 , where numerically simulated temperature contours and the streamlines are shown for the specific case of Ra ¼ 10 7
, Pr ¼ 5, and A ¼ 0.5.
Scaling Analysis
The instantaneous heating on the flat plate results in the transient natural convection flow. As soon as the hot boundary condition is applied on the inclined plate, a thermal boundary layer appears adjacent to the inclined plate. The following scaling analysis is the modification of the scaling derived by Patterson and Imberger [6] . To show the effect of the Prandtl number on the boundary layer development, it is necessary to examine in more detail the structure of the boundary layer.
Early Stage.
Since initially the fluid is motionless and uniform in the domain, the energy equation (3) indicates that heat from the plate will transfer into the fluid layer through conduction, resulting in a thermal boundary layer of thickness d T . This is because the advection term (UDT/h) in the energy equation (3) is much smaller than the conduction term for a very small time. The dominant balance is between the unsteady and conduction terms, that is 
This scaling is valid until the convection term becomes important. The unsteady inertia term, viscous term, and advection term of the momentum equation (2) 
, and O(u 2 /L), respectively. The ratio of the advection term to unsteady term is O(ut/L). For sufficiently small time, this ratio is small, and thus the advection term is not significant. In addition, the ratio of the unsteady to viscous terms is (u/t)/(u/d T 2 ) $ d T 2 /( t) $ 1/Pr, where Pr ¼ /j. For Pr >> 1, the unsteady term is also smaller than the viscous term, and thus the correct balance is between viscosity and buoyancy. Figure 3 shows profiles of temperature and velocity under an inclined plate. Since the boundary condition of the plate is noslip, the velocity of the fluid is zero at the plate surface. The velocity increases from zero at the inclined plate and reaches its maximum within d T of the plate. The velocity then decreases for positions further from the plate. A scaling proof of the flow features will be shown in Sec. 3.2. It is worth noting that for Pr < 1, the scenario is different, which is out of the scope of this study.
Outside of the thermal layer, the balance between viscosity and buoyancy is invalid. Instead, the fluid is driven by the diffusion of momentum by viscosity from the region accelerated by buoyancy. The viscous layer thickness is defined by the length scale d v . Therefore, we may divide the whole boundary layer into three regions, as shown in Fig. 3 . In regions I and II, the balance is between viscosity and buoyancy. However, in region III, the balance is between viscosity and inertia. In region I (the inner viscous layer), the balance (Eq. (7)) gives
In region II, the limit of the integral is taken between (d T À d i ) and
Note that @U/@Y| d T Àd i ¼ 0 since the velocity is maximum there. Additionally, we have
Equating Eqs. (11)- (8), we may obtain
As the buoyancy force is negligible in region III, the flow is driven solely by diffusion of momentum in which the unsteady term balances the viscous term, yielding
and further
Hence, Eq. (12) becomes
Additionally, the length of the inner viscous layer (region I) is
Inserting Eqs. (6) and (15) into Eq. (8), we obtain
Equation (18) is the scaling for U m at the start-up stage The local Nusselt number at any x on the inclined plate at the start-up stage is
and the global Nusslet number at the start-up stage is
3.2 Steady State Stage. As time increases, more heat is convected away. The boundary layer approaches steady state until convection balances conduction, i.e., Fig. 3 A schematic of the temperature and velocity profiles normal to the inclined plate at its midpoint which leads to a time scale for establishing when the boundary layer has reached steady state
The corresponding maximum velocity scale at the steady state is
The steady state thickness scale of the thermal boundary layer is
The scaling of the steady state inner viscous boundary layer thickness is
The scaling of the steady state viscous boundary layer thickness is
At a steady state, the global Nusselt number is
Normalization of the Governing Equations and the Scaling
To verify the various scales, numerical solutions of the full Navier-stokes equations and energy are obtained for a range of Ra, Pr and A values. For convenience, the nondimensionalized forms of the governing equations are adopted
where x, y, u, v, h, p, and s are the normalized forms of X, Y, U, V, T, P, and t, respectively, which are made normalized by the following set of expressions
where U 0 ¼ jRa 1/2 /h. The origin of the coordinate system is located at the leading edge of the heated plate.
The scaling relations obtained above are normalized as follows:
The dimensionless form of Eq. (21) at a steady state is
At the steady state, Eqs. (22)- (25) are re-written in the dimensionless form:
Numerical Procedure
Equations (1)- (4) are solved along with the initial and boundary conditions using the SIMPLE scheme. The finite volume scheme has been chosen to discretize the governing equations, with the 
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Transactions of the ASME QUICK scheme (see Leonard and Mokhtari [24] ) approximating the advection term. The diffusion terms are discretized using central-differencing with second order accuracy. A second order implicit time-marching scheme has also been used for the unsteady term. The detailed numerical procedure can be found in Refs. [11] [12] [13] [14] [15] .
Grid Generation.
The resolution of the grid in the computational domain plays an important role in the accuracy and the stability of numerical simulations. In some regions of the domain, a significant number of mesh elements are required in order to resolve the features of the physical flow (e.g. boundary layers). A poorly distributed mesh in a critical region could result in false results. Unfortunately, it is often difficult to determine the locations of significance before the calculation is actually carried out. However, we may use our previous knowledge to locate the regions of large flow gradients. Although an increase of the grid resolution generally increases the numerical accuracy, it also requires significant computing resources for both calculation and postprocessing. Therefore, it is necessary to compromise between the numerical accuracy and computing efficiency in simulations.
For natural convection under an inclined flat plate, the strong flows are present in the vicinity of the plate. Therefore, we distribute a nonuniform finer mesh near the plate with an expansion factor, which is limited in order to ensure that the solution is not degraded [25] .
The distribution of mesh tested is shown in Table 1 . The grid at the plate surface is finer and uniform, but is coarser with an increasing distance from the plate, which may form a nonuniform mesh in the domain outside the plate. The number and expansion factor (which is the ratio of the length of the grid to that of the neighboring grid in x-or y-direction, also refer to Ref. [25] for details) of the grid are different in the different regions, as listed in Table 1 .
Test
Results. Grid independence tests have been conducted based on the numerical procedures described earlier for the Table 2 Values of Ra, Pr, and A for ten simulations run highest Rayleigh number case. It is expected that the mesh selected for the highest Rayleigh number case will also be applicable for all lower Rayleigh number cases. The time histories of the calculated maximum velocity parallel to the inclined plate for three different meshes are plotted in Fig.  4 . Since the inclined plate is hot relative to the ambient fluid, the flow is laminar and stable so long as Ra is not too large. As a consequence, a natural convection boundary layer develops under the hot inclined plate and continues to grow with time. It is seen in this figure that all solutions indicate three stages of the flow development: an initial growth stage, a transitional stage, and a steady state stage. Note that the early stage is dominated by conduction, the transition stage by an overshoot, and the steady state stage by the balance of conduction and convection in the energy equation. It is observed in Fig. 4 that in all stages of the boundary layer development, the solutions obtained with the two finer meshes follow each other closely, except for the solution obtained with a coarse mesh 190 Â 100.
The maximum variation of the velocities between the coarsest (190 Â 100) and finest (380 Â 200) meshes is approximately 1.6%, and the maximum variation between the finer meshes (285 Â 150 and 380 Â 200) is only about 0.2%. Therefore, based on consideration of computing accuracy and efficiency, the fine mesh of 285 Â 150 has been adopted with a time step of 1.0 Â 10
. The time steps for these three meshes have been chosen in such a way that the CFL (Courant-Freidrich-Lewy) number remains the same for all three calculations. Table 2 shows all simulations of the study. Runs 1-5 are used to show dependence on Pr, Runs 1, 6 and 7 show dependence on Rayleigh number, and Runs 1 and 8-10 show dependence on slope.
Results and Discussion
In Sec. 7, the computed velocity and temperature data are taken at x ¼ 0.5, which is sufficiently far from the leading edge and the downstream end of the domain to avoid any end effects. The time series of the maximum velocity parallel to the plate (u m ) has also been recorded on the same line, which has been used to verify the velocity scaling relation.
The unsteady velocity scale (Eq. (35)) has been plotted in Fig.  5 for different parameters considered here. It is seen that all lines for different Rayleigh numbers, Prandtl numbers, and aspect ratios lie together initially on a straight line through the origin. This indicates that the scaling relation (Eq. (35)) for the unsteady velocity is appropriate.
Scaling relation (Eq. (34)) predicts that during the start-up stage the inner viscous boundary layer thickness (d T À d i ) is dependent upon Ra and Pr but independent of A. These scalings have been validated with the numerical results shown in Fig. 6 . The profiles (the dependence of u on y) of the nondimensional velocity parallel to the inclined plate at different times during the start-up stage are directly plotted in Fig. 6(a) , and u and y normalized by the scaling relations Eqs. (34) and (35) are re-plotted in Fig. 6(b) . It is seen from Fig. 6 that the two scaling relations bring all scaled profiles within the inner viscous boundary layers into a single line at the Numerical results of the corresponding nondimensional temperature profiles are plotted in Fig. 7 . The computed data of the temperature profiles in Fig. 7(a) show that the effects of the parameters considered here on the thermal layer thickness are significant. Additionally, the temperature profiles with the distance y normalized by the thickness scale s The velocity profiles at s/s s ¼ 2.0 (when the flow is fully steady) are shown in Fig. 8 for different Prandtl numbers, Rayleigh numbers, and aspect ratios. Figure 8(a) shows the computed data of the velocity along the line perpendicular to the plate at x ¼ 0.5. In Fig. 8(b) , the velocity is normalized by its steady state scale 1/(1 þ Pr À1/2 ) and the distance normalized by its viscous boundary layer thickness scale ( 
(1 þ Pr À1/2 ) 1/2 . Clearly, the scaling relations for the steady state velocity (Eq. (37)) and viscous boundary layer thickness (Eq. (39)) agree well with numerical results since all profiles almost overlap onto a single curve in the inner viscous layer (Fig. 8(b) ).
As the boundary-layer development approaches a steady state, the scaling (Eq. (36)) shows that the dimensionless thermal boundary layer thickness, d Ts , is dependent on Ra, Pr, and A. The temperature profiles calculated at x ¼ 0.5 at a steady state are directly presented in Fig. 9(a) . The distance y is scaled by
, and the corresponding temperature profiles are re-plotted in Fig. 9(b) . Clearly, all scaled temperature profiles overlap onto a single line, confirming that the scaling (Eq. (38)) is the correct scaling for d Ts at the steady state. Figure 10 presents numerical results to validate the scaling relations Eqs. (36) and (37). The time series of u m for varying Ra, Pr, and A are presented in Fig. 10(a) . Figure 10 Figure 11 presents the numerical results of the Nusselt number calculated of the heated inclined plate. The computed data of the Nusselt number have been plotted in Fig. 11(a) for different parameters (Ra, Pr, and A). It is clear that there are significant effects of those parameters on heat transfer through the plate. The Nusselt number normalized with its steady state value and the time normalized with the steady state time scale of the boundary layer are re-plotted in Fig. 11(b) . It is seen that all curves for different parameters collapse together onto a single curve, confirming the scaling relation (Eq. (26)) and the steady state time scale (Eq. (36)). Transactions of the ASME
